Indentation responses of crystalline materials have been found to be radically different at micrometer and nanometer scales. The latter is usually thought to be controlled by the nucleation of dislocations. To explore this physical process, a dislocation mechanics study is performed to determine the conditions for the nucleation of a finite number of dislocations under a two-dimensional wedge indenter, using the Rice-Thomson nucleation criterion. The configurational force on the dislocation consists of the applied force, the image force, and the interaction force between dislocations. Dislocations reach equilibrium positions when the total driving force equals the effective Peierls stress, giving a set of nonlinear equations that can be solved using the Newton-Raphson method. When the apex angle of the wedge indenter increases, the critical contact size for dislocation nucleation increases rapidly, indicating that dislocation multiplication near a blunt wedge tip is extremely difficult. This geometric dependence agrees well with experimental findings.
INTRODUCTION
The ability to quantitatively model mesoscopic material behavior is a critical step in understanding reliability analysis and material design for applications ranging from aerospace components to nanoelectronics. Many experimental studies in the past decade have shown that the contact plasticity is size-dependent (i.e., indentation size effects, ISEs) and thus is essentially a multiscale problem [1] [2] [3] [4] [5] [6] [7] . This phenomenon is believed to be due to the collective behavior of dislocation nucleation and storage under the contact. Statistical theories have been developed to understand the dislocation microstructures that form and evolve during contact events, but most of these theories are only applicable when the contact size is larger than micrometers. A number of recent experiments demonstrate the importance of individual dislocation nucleation events, such as pop-in excursions on the loaddisplacement curves [7, 8] , which are thought to govern the indentation size effects at nanoscale, while the size effects at microscale are associated with strain gradient effects and geometrically necessary dislocations [1, 2, 7] .
A variety of analyses have been carried out using discrete dislocation and phenomenological strain gradient plasticity to model ISE across the length scales [9, 10] . At larger length scale (submicron to micrometer scales), both strain gradient plasticity theories that are based on geometrically necessary dislocations and discrete dislocation simulations have provided important insights in understanding the dependence of microhardness on contact size. Many recent theories aim to modify these theories for nanohardness measurements [4, 10] , but the connection to the dislocation microstructure still remains elusive. At sufficiently small-length scale, the size of the contact region under high stress may be comparable to the dislocation spacing, so that the indentation behavior may enter the dislocation-nucleation-controlled regime. This work attempts to explore this line from the study of the dislocation nucleation and pileup under a two-dimensional wedge contact tip. Figure 1 gives the problem definition where the apex half angle is α, the applied load is P (per unit length out of the plane), and the contact size is a. Suppose that a dislocation 
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T can be nucleated from the indenter tip, then a negative dislocation −b will be left. This dislocation pair will lead to tilting of the indenter, but such a modification is usually very small [11] and will be neglected in this work. The micromechanical model consists of three parts: (1) the determination of the configurational force on the dislocation, (2) the use of the Rice-Thomson criterion for dislocation nucleation, and (3) the calculation of the equilibrium dislocation positions. In the continuum dislocation modeling, we use the Rice-Thomson dislocation nucleation criterion [12, 13] . If the driving force on a dislocation at a distance η from a stress concentration is greater than the Peierls force, the dislocation can be emitted from the step. The dislocation glides only if the driving force overcomes the Peierls force. In the Rice-Thomson model, parameter η characterizes the size of the dislocation emission process zone. We can either regard it as a material parameter or determine it by atomistic simulations. With the information of η and the effective Peierls stress τ p , we can easily decide whether a dislocation nucleates and where the equilibrium position of the nucleated dislocation would be, as long as the driving force on the dislocation is determined.
The driving force on the dislocation b has three parts:
where J appl is the applied driving force, J image is the image force, and J int is the interaction force due to the dislocation −b and/or other pairs of dislocations. The applied driving force can be computed from the stress field [11] :
and the Peach-Koehler formula:
Those curves of J appl (1 − ν)/μb against r/b will collapse onto each other by replotting J appl (1 − ν)/μb against r/a, clearly because the indenter is self-similar. The state of stress at the apex comprises a finite shear stress superposed on an infinite hydrostatic pressure. The applied driving force at the apex can be written as
where f (θ) is a dimensionless function that only depends on the slip-plane angle of the order of unity. This stress state is radically different from the stress singularity caused by a crack tip, or a flat-ended punch under normal contact, or an arbitrary indenter under tangential contact [14, 15] . The implications on the dislocation nucleation behavior will be discussed shortly. The image force can be determined by considering two opposing semi-infinite cracks in an undislocated plane, subjected to tractions that will cancel the tractions induced by the dislocation in an uncracked plane. Using the complex function analysis, the stress field at z = x + iy, caused by a dislocation b at z 0 = x 0 + iy 0 , in an uncracked plane is given by [16] 
where the holomorphic complex functions Φ and Ω are
and κ = 3 − 4ν for plane strain. Now consider an undislocated plane with two opposing semi-infinite cracks, subjected to the corrected tractions − σ(|x| > a, y = 0). Following Tada's solution 4.5 [17] , the correction stress field can be determined by
where Z I (z) and Z II (z) are the mode-I and mode-II Westergaard stress functions, respectively. 
In (7), we have assumed that the contact region is full bonded, so that the crack analogy can be used. This is equivalent to the infinite friction condition, or to the contact between two identical solids (regardless of the friction condition). For two different materials under finite frictional contact, the shear stress inside the contact should be considered Y. F. Gao and J. Lou 3 in the calculation of image force. Finite friction usually does not change the load-displacement curve noticeably [18] , but may change the stress distribution and thus lead to a large contribution to the image force. The image force J image can be computed from the stress fields in (8) and the Peach-Koehler formula. The interaction force J int can be easily computed from (5) and (8) by substituting −b into b, and 0 into z 0 . The image force becomes less important when the contact size increases, since its magnitude decays rapidly with respect to the distance from the free surface. The interaction force decays with respect to the location of the leading dislocation.
We are concerned with the critical load or contact size to nucleate a dislocation. Using the Rice-Thomson criterion, a straightforward dimensional analysis gives that
After the dislocation is nucleated, the equilibrium position of the dislocation is determined by J = τ p b, leading to
with a > a crt . It is anticipated that when a b, the driving force is dominated by the applied stress field, so that r eq /a becomes size-independent since the applied stress field is selfsimilar. The relationship between r eq /a and a/b gives a qualitative measure of the dislocation density under the indenter.
When there are many dislocations, the driving force on the kth dislocation consists of (1) and the interaction force from other pair of dislocations. The latter can be easily evaluated from (5) and (8) . To determine the equilibrium positions of N dislocations, we use the Newton-Raphson method to solve N force-balance equations. The root finding process is very slow because of the N-dimensional functions and the shallow slope of driving force curves near equilibria. Figure 2 shows the total driving force with respect to the dislocation location. The zone where the interaction force dominates does not proportionally increase with the contact size. Consequently, the driving force on a fictitious dislocation at r = η will eventually be nonzero and larger than the Peierls stress, assuming that the Peierls stress is smaller than J appl (r = 0). Figure 3(a) shows the critical contact size to nucleate one and many dislocations. The Rice-Thomson model introduces a length scale η, so that the first dislocation nucleation occurs at a finite contact size for this otherwise self-similar contact problem. It is found that the larger the wedge half-angle, the more difficult to nucleate a dislocation. The image force and interaction force are independent of the wedge angle. The applied driving force, however, is proportional to cotα. In addition, the shear stress near the wedge tip is bounded, so that there is a critical angle above which the maximum applied driving force is lower than the Peierls stress. The second and subsequent dislocations occur at higher contact size, since the existing dislocation exerts strong back stress to prevent further dislocation nucleation. The diverging trend with respect to α is more evident, suggesting that dislocation multiplication for blunt wedges is extremely difficult. Consequently, when we are concerned with the effective dislocation number and density under a wedge contact, we must incorporate the bulk dislocation nucleation sources. The analysis presented in this paper is therefore only applicable for nanocontact experiments. This indenter geometry effects were also observed in a series of experiments [6, 19] where the sharper cube corner indenter tip (with half angle of ∼35 o ) shows higher hardness value as compared to the Berkovich indenter tip (with half angle of ∼70 o ) at the same indentation depth in the nanometer length scale, resulting in more dramatic indentation size effects. Figure 3(b) shows the normalized dislocation equilibrium positions, r eq /a, with respect to the contact size. When a/b → ∞, (10) will be independent of the contact size, and the effective plasticity zone will be proportional to the contact size. Consequently, the dislocation density is approximately linear with b/a at large contact size. (Of course, when the contact size is large, it is the bulk nucleation sources and the statistically stored dislocations that govern the plastic zone and contact behavior.) However, this relationship will break down for small-contact size, because of the discrete nature of the dislocation nucleation and motion, and the length scale η. It thus becomes inappropriate to estimate plastic zone size in terms of contact size and relate the dislocation density to hardness in the nanohardness measurements. A more rational treatment would require a closer look at the connection between the mean contact pressure and the dislocation microstructure evolution at nanometer length scale.
RESULTS AND DISCUSSION

SUMMARY
A dislocation mechanics study is performed here to examine the conditions for dislocation nucleation from, and pileup under, a wedge indenter. The configurational force on the dislocation is evaluated by linear elastic analysis, and the Rice-Thomson criterion is used for the dislocation nucleation. The contact strength map in Figure 3(a) shows that dislocation nucleation and multiplication are extremely difficult for blunt indenters, mainly because the stress state near the wedge tip consists of a finite shear stress and an infinite hydrostatic component. The ratio of the effective plastic zone size to the contact size is found to approach a constant when there are sufficient numbers of dislocations at large contact size. However, at nanoscale we should directly investigate the relationship between contact pressure and dislocation microstructure, instead of using dislocation-density-based hardening law.
